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Abstract. In this paper, the ordered set of rough sets determined by 
a quasiorder relation R is investigated. We prove that this ordered set is 
a complete, completely distributive lattice. We show that on this lattice 
can be defined three different kinds of complementation operations, and 
we describe its completely join-irreducible elements. We also character- 
ize the case in which this lattice is a Stone lattice. Our results generalize 
some results of J. Pomykala and J. A. Pomykala (1988) and M. Gehrke 
and E. Walker (1992) in case R is an equivalence. 



1. Introduction 

Rough set theory was introduced by Z. Pawlak in [18]. His idea was to 
develop a formalism for dealing with vague concepts and sets. In rough set 
theory it is assumed that our knowledge is restricted by an indiscernibility 
relation. An indiscernibility relation is an equivalence E such that two ele- 
ments of a universe of discourse U are ^-equivalent if we cannot distinguish 
these two elements by their properties known by us. By the means of an 
indiscernibility relation E, we can partition the elements of U into three 
disjoint classes with respect to any set X C U: 

(1) The elements which are certainly in X. These are elements x G U whose 
.E-class x/E is included in X. 

(2) The elements which certainly are not in X. These are elements x G U 
such that their E'-class x/E is included in X's complement X c . 

(3) The elements which are possibly in X. These are elements whose E- 
class intersects with both X and X c . In other words, x/E is included 
neither in X nor in X c . 

Based on this observation, Z. Pawlak defined the lower approximation 
X J of X to be the set of those elements x G U whose £"-class is included 
in X. The upper approximation X k of X consists of elements i£l whose 
-E-class intersects with X. Then, the sets X J and X k can be viewed as 
sets of elements that belong certainly and possibly to X, respectively. The 
difference X k \ X J can be viewed as the actual area of uncertainty. 

Interestingly, we may define another indiscernibility relation, but now 
between subsets of U . The relation = is based on approximations and it 
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is called rough equality. The sets X and Y are =-related if both of their 
approximations are the same, that is, X J = Y J and X A = Y k . The equiv- 
alence classes of = are called rough sets. Each element in the same rough 
set looks the same, when observed through the knowledge given by the in- 
discernibility relation E. Namely, if X = Y, then exactly the same elements 
belong certainly and possibly to X and Y. 

Lattice-theoretical study of rough sets was initiated by T. B. Iwihski 
in [TT]. He noticed that rough sets can be represented simply by their 
approximations. Hence, the set of rough sets can be defined as 

RS = {(X J ,X A ) \XCU}. 

T. B. Iwihski also noted that RS may be canonically ordered by the coor- 
dinatewise order: 

(X J ,X k ) < (Y J ,Y k ) I'CY' and X k C Y A . 

J. Pomykala and J. A. Pomykala showed in [19] that 1ZS = (RS, <) 
is a Stone lattice. Later this result was improved by S. D. Comer [7] by 
showing that in fact 1ZS is a regular double Stone lattice. Note that a 
double Stone lattice (L, <) with a pseudocomplement * : L — > L and a dual 
pseudocomplement + : L — > L is a regular double Stone lattice if x* = y* 
and x + = y + imply x = y for all x, y 6 L; see [23) . 

Finally, in [TU] M. Gehrke and E. Walker described the structure of 1ZS 
precisely. They showed that 1ZS is isomorphic to 2 1 x 3 J , where 2 and 3 
are the chains of two and three elements, I is the set of singleton S-classes, 
J is the set of non-singleton equivalence classes of E, 2 1 is the pointwise 
ordered set of all mappings from / to the two-element chain, and 3^ is the 
pointwise ordered set of all maps from J to the 3-element chain. Note that 
if each element of U is indiscernible only with itself, then E is the identity 
relation, all S-classes are singletons, and 1ZS is isomorphic to 2 U . This may 
be interpreted so that rough sets really generalize "classical sets" . 

In the literature can be found numerous studies on rough sets that are 
determined by so-called information relations reflecting distinguishability or 
indistinguishability of the elements of the universe of discourse; see |14) [T5] 
for further references. For instance, E. Orlowska and Z. Pawlak introduced 
in [16] many-valued information systems in which each attribute attaches 
a set of values to objects. Therefore, in many-valued information systems, 
it is possible to express, for example, similarity, informational inclusion, 
diversity, and orthogonality in terms of information relations. 

The idea now is that R may be an arbitrary information relation, and 
rough lower and upper approximations are then defined in terms of R. This 
means that x £ X k if there is y € X such that xRy, and x € X J if xRy 
implies y € X. Rough equality relation, the set of rough sets RS, and 
its partial order are defined as before. This kind of generalization is well 
justified since now it is possible to study structures determined by other 
possible types of relation between objects, such as, for example, similarity 
or order. 

It is known that if R is reflexive and symmetric, then 1ZS is not always 
even a semilattice [12] . Similarly, if R is just transitive, 1ZS is not neces- 
sarily a semilattice [13] , However, if R is symmetric and transitive, 1ZS is 
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a complete double Stone lattice [13J. Unfortunately, the structure of 1ZS 
in case R is a quasiorder, that is, R is reflexive and transitive, has been 
unknown. In this paper, we prove that if R is a quasiorder, then 1ZS is a 
complete sublattice of p(U) x p(U). 

This paper is structured as follows. In the next section, we give the 
definition of rough sets determined by arbitrary relations, and recall some 
of their well-known properties. We also present a decomposition theorem 
for rough sets that are defined by a relation that is at least left-total. At the 
end of the section, we recall the essential connection between quasiorders 
and Alexandrov topologies. Section [3] is devoted to our main result showing 
that for any quasiorder R, 1ZS is a complete sublattice of p(U) x p(U). 
Note that this implies directly that 1ZS is completely distributive. Then, we 
study the lattice structure of 1ZS more carefully in Section HI We show that 
there can be defined three different kinds of complementation operations. 
The completely join- irreducible and completely meet-irreducible elements of 
7ZS are described in Section [5j In Section El we characterize the case in 
which TZS is a Stone lattice. 

2. Rough Set Approximations 

We begin by defining the rough set approximations based on arbitrary 
binary relations. Let R be any binary relation on U. We denote for any x G 
U, R(x) = {y G U | xRy}. For any subset X C U, the lower approximation 
of X is 

X* = {x G U | R(x) C X} 
and the upper approximation of X is 

X A = {x G U | R(x) fll / 0}. 
Let X c denote the complement U \ X of X. Then, 

X Ac = X CJ and X JC = X ck , 
that is, T and A are dual. In addition, 

(\Jn) A = [j{x'\XGH} 

and 

(f]ny = f]{x" \ x g n} 

for all 7i C p{U). The last two equations imply that the maps A and T are 
order-preserving . 

We assume that the reader is familiar with the notions of reflexive, sym- 
metric, transitive, quasiorder, and equivalence relations. A relation R is 
left-total, if for all x G U, there exists y G U such that xRy. Note that 
every reflexive relation is left-total. In the literature left-total relations are 
also called total or serial relations, and quasiorders are named as preorders. 

Below is listed how properties of the relation R may be expressed in terms 
of approximations. Note that these well-known equivalences are closely re- 
lated to correspondence results between modal logic axiom schemata and 
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different types of Kripke frames; see [21 [5], for instance. For any binary 
relation R on U, 

R is left-total (VX C U) X T C X A , 

R is reflexive (VX C U) X C X A , 

is symmetric (VX C(/)ICI iT , 

i? is transitive <=^ (VX C £/) X AA C X A . 

It should be noted that rough sets have close connections to modal, intu- 
itionistic and many- valued logics [17J. 

Rough sets may now be defined as in case of equivalences. Let us denote 
for any X C U, 

A(X) = (X\X*), 
and call it the rough set of X. Furthermore, we denote by 

RS = {A(X) | X C U] 
the set of all rough sets. The set RS can be ordered coordinatewise by 

(x T ,x A ) < (y T ,y A ) <^ i T cy T and x A cy A , 

obtaining in this way a bounded partially ordered set 1ZS = (RS, <) with 
A($) = (0 T ,0) as the least element and A(U) = (U,U k ) as the greatest 
element. A rough set A(X) is called an exact element of RS if X T = X = 
X A . 

Let us define the mapping: 

c: RS -» flS,.4(X) i ^ ^l(X c ). 

Since c((X T ,X A )) = (X Ac ,X Tc ) for any X C. U, the mapping c is well 
defined, and it is easy to see that the pair (c, c) is an order-reversing Galois 
connection on 1ZS. This implies directly the following proposition. 

Proposition 2.1. The partially ordered set 1ZS is self-dual, that is, 1ZS is 
order-isomorphic to its dual 1ZS° P . 

For any binary relation R on U, a set C is called a connected component of 
i?, if C is an equivalence class of the smallest equivalence relation containing 
R. Let us denote by (to the set of all connected components. Clearly, for 
any connected component Ce Co and x € U, R(x) n C ^ implies i£C, 
and x £ C implies C C. Hence, C A C C C C T . 

Let i? be a left-total relation. Because X T C X A for every X C U, 
any connected component C € Co of ii satisfies C T = C A = C and thus 
.4(C) = (C, C) is an exact element of RS. Additionally, we denote for each 
C € Co by RS(C) the set of rough sets on the component C determined 
by the restriction of R to C. The corresponding ordered set is denoted by 
KS(C). 

Next we present a decomposition theorem for rough sets determined by 
left-total relations. First, we prove the following lemma. 



Lemma 2.2. If R is a left-total relation on U , then the following assertions 
hold. 
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(i) If {Ci | i G /} C Co is a subset of connected components of R, then for 
any family {(X?,X?) G RS(d) | i € /}, the pair X? ,\J ieI Xf) 
is a rough set on U . 

(ii) If (X T , X A ) is a rough set on U , then the pair (X T n C, X A n C) is a 
rough set on C for any connected component C G Co. 

Proof, (i) Clearly, (Ug/^)* = Ue/^f- We wil1 show that also 
{Uiel X iV = Uiei X i- Since X i ^ (lifers)* for a11 * e /, we have 
Uie/-^7 5= (Uiei"^) T- On other hand, let x G (jJ igJ Xj) T . Because 
^ and R(x) C |J igJ Xj C |J ig/ Cj, there exist k G I and y G Cfc such 
that xRy. Hence, a; € C/% and C C^. This implies 

c c fe n ( (J x) = (J (c fe n x) = x k , 

■iei iei 

because X& C and I; fl = for all i 6 J \ {k}. Thus, we ob- 
tain x G X y C Uie/^o whi ch gives (U e /X) T = Therefore, 
^ (Ue/ X = (U e /^7,U e /^) is a rough set on U. 

(ii) Let C G Co. We prove that (XnC) T = X T nC and (XnC) A = X A nC. 

It is easy to see that 

(x n C) T = i T nc T = i'nc. 

Furthermore, (X n C) k C X A and (X n C) A C C A = C imply (X n C) A C 
X A n C. For the converse, suppose that x G X A n C. Then, Hl/i 
and C C imply fl(<c) n (X D C) = (R(x) D C) D X = n X ^ 0, 

that is, a; G (X n C) A . This proves (X n C) A = X A n C. □ 

Corollary 2.3. If R is a left-total relation, then for any subset TL C Co o/ 
i/ie connected components of R, the rough set A (|J is an exaci element 
ofRS. 

Proof. Let H C Co. By the proof of Lemma l2.2T i) . 

(u«) T =u^=o= Uc=(U«)'- 

□ 

For any index set I, let = Hie/ "Pi ^ e the Cartesian product of the 
partially ordered sets Vi = (Pi,<i), and let xi denote the i-th coordinate of 
an element x G P = ILe/^"*- We will also write x = (xj)j g /. Recall that 
the partial order < of V is defined coordinatewise (see e.g [25]), that is, for 
any x,y G P, we have x < y if and only if Xi <i yi for all i E I. 

Theorem 2.4. If R is a left-total relation on U , then 1ZS is order- 
isomorphic to IlceCo ^<5(C)- 

Proof. Assume that Co = {Cj | i G J}. Consider the maps 

$ : RS -» [J fl5(Ci) and * : [J #5(Cj) PS 

defined by 

c&(^(x)) = ((x T nQ,x A nq)) ie/ 
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for any A{X) = (X T ,X A ) G RS, and 

iei iei 

for any ((X7,X*)) i6J € R^RS^). 

In view of Lemma \2.2l the maps <J> and \E r are well-defined, and it is easy 
to check that both $ and are order-preserving. Hence, to prove that <3? 
and are order-isomorphisms, it is enough to show that they are mutually 
inverse maps. 

For any A(X) = (X J ,X A ) G RS, we obtain: 

* ($(A(X))) = y(((x J n d,x k n d)) ieI ) 
= (U(x"nc i ),U(x*nc i )) 

iei iei 

= (x"n((Jc i ),x'n({Jc i )) 

iei iei 

= {x\x') 

= A(X). 

Furthermore, for any ((1^,1*))^/ G n«e/ we have: 

X*))^)) = *(( |J xj, (J X/)) 

j'er j'eJ 

= (((U*7) n MU*/) n <*)) i6/ - 

Because (Xj ,Xf) G RS(Cj) for every j G /, Xj and X" A are subsets of Cj. 
Additionally, for any i,j G I such that i ^ j, C{ n Cj = 0. These facts imply 
that 

(Uxj)na = U{xJna)=x? 

jei jei 

and 

([Jxf)nc i = ]J(x j A nc i )=xf, 

jei jei 
for each i G J. Thus, we obtain $(*(((XT,XA)) ieJ )) = ((X?,Xf)) ieI . 

In view of the above equalities, the maps $ and '3/ are order-preserving 
inverse mappings of each other and hence they are order-isomorphisms. So, 
1ZS and HceCo T^S{C) are order-isomorphic. □ 

We may also determine rough set approximations in terms of the inverse 
R^ 1 of R, that is, 

x v = {x g u | irV) c x} 

and 

X A = {x G ?7 | iT^x) n X + 0}. 

Interestingly, the pairs ( A , v ) and ( A , T ) are order-preserving Galois connec- 
tions on p(U). The end of this section is devoted to approximations deter- 
mined by quasiorders. First, we recall the notion of Alexandrov topologies 
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that is closely connected to quasiorders - for further details see [H O [9] , for 
example. 

An Alexandrov topology is a topology T that contains also all arbitrary 
intersections of its members. Let T be an Alexandrov topology T on U . 
Then, for each X C U, there exists the smallest neighbourhood 

N r {X) = (~){Y G T | X C Y}. 

In particular, the smallest neighbourhood of a point x G U is denoted by 
Nq-(x). The family 

£ r = {jV T (x) \x eU} 

is the smallest base of the Alexandrov topology T. This means that every 
member X of T can be expressed as a union of some (or none) elements of 
Bt-i that is, X = \J{Nt(x) \ x G A}. In addition, S7- is smallest such set. 

There is a close connection between quasiorders and Alexandrov topolo- 
gies. This correspondence will turn very useful in Section [5j where we will 
study the completely join-irreducible elements of 7ZS. Let R be a quasiorder 
on a set U. We may now define an Alexandrov topology Tr on U consisting 
of all "upward-closed" subsets of U with respect to the relation R, that is, 

T R = {A CU \ (Vx, y e U) x e A & xRy^-yeA} 

On the other hand, the set R(x) is the smallest neighbourhood of the point 
x in the Alexandrov topology Tr and clearly y G R(x) if and only if xRy. 
This hints how we may also determine quasiorders by means of Alexandrov 
topologies. If 1 is an Alexandrov topology on U, then we define a quasiorder 
Rt on U by setting 

xR T y <^=> y G N r (x). 

The correspondences R 1— > and T 1— > .R7- are one-to-one. It is also well 
known that the categories of quasiordered sets and Alexandrov spaces are 
isomorphic, as discussed in [8], for example. 

For a quasiorder R, the rough approximations satisfy for all X C £7: 

A AV = X\ A AT = A A , A TA = X J , A VA = X v . 

These approximations determine two Alexandrov topologies on U: 
T k = {X k I X C £7} = {X v |IC[/} 

and 

T T = {A T [ A C {7} = {A A I X C [/}. 

Note that T T is the same as Tr above. Clearly, these topologies are dual, 
that is, for all X C {7, 

X G T A I c eT T 

For the Alexandrov topology T A : 

(i) A : p(U) — > p(U) is the smallest neighbourhood operator. 

(ii) A : p(U) — > p(U) is the closure operator. Note that the family of closed 
sets for the topology T A is T T . 

(iii) v : p(U) — > p(f7) is the interior operator, that is, it maps each set to 
the greatest open set contained into the set in question. 

(iv) The set { {x} A | x G U} = {R~ 1 (x) \ x G £7} is the smallest base. 
Similarly, for the topology T T : 
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(i) A : p{U) — » p{U) is the smallest neighbourhood operator. 

(ii) A : p(U) — > p{U) is the closure operator. 

(iii) T : p{U) — > p{U) is the interior operator. 

(iv) The set { {x} A \ x G U} = {R(x) \ x G U} is the smallest base. 

3. Lattices of Rough Sets Determined by Quasiorders 

In this section, we prove that the quasiorder-based rough sets form a 
complete lattice. 

We start by considering cofinal sets. Let R be a transitive relation on a 
non-empty set U. A successor of x G U is an element y G U such that x Ry. 
Let X C Y C XJ. Then, X is cofinal in Y if each x G Y has a successor in 
X. By using the notation introduced in Section [21 the set of successors of x 
is simply R(x). Additionally, X is cofinal in Y if and only if R(x) n X ^ 
for all x G Y, which is equivalent to Y Q X k . Since X C Y, this actually 
means that X is cofinal in Y if and only if X k = Y k . We also say that a 
set is cofinal, if it is cofinal in U. 

In the proof of our main result, we will use the following theorem for 
transitive relations on U by A. H. Stone. 

Theorem 3.1 (Theorem 1 of [23] )• A necessary and sufficient condition 
that the set U has a partition into k cofinal subsets, is that each element of 
U has at least k successors. 

Let R be a quasiorder on U. Then for all a, b G U, 



and |-R(a)| > 1. Recall from Section [2] that since R is a quasiorder, A is a 
closure operator and T is an interior operator. Thus, for any X C U, 

I'CICI 1 , X JV = X V , and X kk = X k . 

In addition, X C Y implies X J C Y J and X k C Y A for any X, Y C U. 

These properties are needed in the proof of our next theorem. 

As we already mentioned, J. Pomykala and J. A. Pomykala showed in 
[19] that for equivalence relations, 1ZS is a Stone lattice. In their proof they 
used Zermelo's Axiom of Choice. Note that the proof of Theorem 13. II above 
also requires Axiom of Choice. 

Theorem 3.2. If R is a quasiorder on a non-empty set U , then 1ZS is a 
complete sublattice of p(U) x p(U) . 

Proof. To prove that 1ZS is a complete sublattice of p(U) x p(U), it suffices 
to show that for any family {A(Xi) \ i G 1} = {(X*,X k ) \ i G 1} of rough 
sets, the pairs (f| i6 / X* , f| ie/ X k ) and ({J ieI X? , \J ieI X k ) also are rough 



(1) First, we construct a set W C U that satisfies W y = f] ieI Xj and 
W k = f] ieI X k . Let us consider the set 



and observe that for any a G Z, we have |-R(o)| > 2. Indeed, by the definition 
of Z, a G Z means that R(a)nXi / for all z G J and R(a) D (f| ie / X) = 0. 




sets. 



^=n^\(n^) A 



ie/ iei 
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If R(a) has the form R(a) = {a}, then R(a) fl Xj ^ implies a G Xi for 
each that is, a G P| ig JQ, a contradiction. 

Let us first consider the case Z T ^ 0. Note that each successor of any 
a G Z T is also in Z T , because if b is a successor of a, then ai?6 implies 
R(b) C i?(a) C Z, that is, 6 G Z T . This then means that each a G Z T 
has at least two successors in Z T , and we may apply Theorem 13.11 to the 
set Z T with the relation R' = Rf] (Z T x Z T ). So, there exist two disjoint 
sets A, B C Z T that are cofinal in the quasiordered set (Z T ,R'). But since 
R' R, A and S are cofinal in Z T with respect to the original relation R. 
This gives Z T C ,4 A and Z w Q B A . In the case Z T = 0, we set A = B = 0. 

Let us define the set 

W=(f]X i )u(Z\A). 

iei 

We will show that W J = f)iei X i and W * = V\iei X i- 

Since C\iei X i ^ W > C\iei X i = (CW^i)* ^W J .ln order to prove the 
converse inclusion W J C P| ie/ X*, suppose that a G W J . Then, R(a) C 
= (flig/^j) U (Z \ A), and next we will prove that necessarily R(a) H 
(Z \ A) = 0. 

Indeed, if R(a) n (Z \ A) / 0, then there is 6 G i?(o) n (Z \ A). So, 
C R(a) C W, and 6 G Z implies n (f] i&1 X t ) = 0. Therefore, we 
must have R(b) C Z\ A. In the case Z T = 0, this implies a contradiction. If 
Z T 7^ 0, then from the fact that A is cofinal in Z T , we get b G Z T C A A . On 
the other hand, R(b) C (Z \ A) implies n A = contradicting 6 G A A . 
Hence, we have R(a) n (Z \ A) = 0. 

The facts R(a) n (Z \ A) = and R(a) C imply i?(a) C f| ie/ X, that 
is, a G (fl Je /^) T = fW^Q T - Therefore, we obtain W J = f) ieI X*. 

To conclude part (1), let us show the equality W L = Hie/ X t- Obviously, 
C a e /X A and (Z \ A) C n, e /^ A imply W C fW^. Since 
Alexandrov topologies are closed also with respect to arbitrary intersections, 
n, e/ X A belongs to T A , and therefore W* C (n i6 ,^ A ) A = fW* A - 

Conversely, we prove Hie/ — ^ A by showing first that Z C (Z \ A) A . 
For that, take any z G Z. Clearly, we may now assume z G A, because 
otherwise there is nothing left to prove. Because A is cofinal in Z T , we have 
A C Z T C B\ In addition, B C (Z \ A) implies £ A C (Z \ A) A . Thus, 
z G A C (Z \ A) A proving Z C (Z \ A) A . Therefore, we may write: 

=(!>,)' u(n^\(n*.) A ) 

iei iei iei iei 

= (n^) A uz 

iei 

C (H^) A U(Z\A) A 
C VF A . 

This proves W A = Rie/^- Hence, = (f| ie/ X/, Die/ * A ) is a 

rough set. 
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(2) We will prove that (\J ieI X* , \J ieI A A ) is a rough set. This is done 
by constructing a set V C U such that V y = [j ieI Xj and V k = {J ie jXf. 
Let us first consider the set 

*=(u^) A \(uO 

iei iei 

and observe that for each b G S, \R(b)\ > 2. Indeed, if we suppose that R(b) 
has only one element, that is, R(b) = {b}, then b G {{J ieI Xi) = \J ieI X* 
implies R(b) H X^ ^ for some k G i, that is b G X^. However, in this case 
{b} = R(b) C Xk implies b G X* , a contradiction. 

Let us first assume that S J ^ $. As in case (1), we note that every a G S J 
has at least two successors in S J and we may deduce that there exists two 
disjoint cofinal subsets A and B of S J . This means that S J C ^4 A and 
QB A . Furthermore, if S J = 0, we set A = B = 0. 

Let us define the sets H and V by 

H={aeS\R(a)£ ({Jx^}, 

iei 

16/ 

Observe that V C (|J ie/ A;)\ This is because (J i(E7 ^7 ^ U G /^ ^ 
(Ue/^) A and A, if C 5 C (|J ie/ *i) A by definition. 
Now, we will prove that 

V = \JXJ and V k = \Jxt- 

■iei iei 

Indeed, we have Xj C V for all i G I by the definition of V. Therefore, for 
all i G I, Xj = X* J C F T , which gives 

\JX?QV\ 

iei 

To show the converse, suppose that a G V y . Then, 

a G i?(a) C V = ( (J X*) UFUA 

Observe that a £ H is not possible, since %)CVC (U i6 i*i) ■ Next we 
will show that a G A is also excluded. 

Indeed, if a G A, then necessarily 5 T ^ 0. The inclusions i C S 1 ' C B A 
imply a G -B A . This means that there exists an element b G -B with ai?6 
and 6 G R(a) C (Uj g / -^7) U H U A. Option 6 G A is not possible, because 
At~)B = ®. Also 6 G H is impossible, because i?(6) C i?(a) C (U- eJ Xi) A . 
Finally, the remaining case b G (Jig/ ^7 contradicts with b G B C S 1 = 

(U e /^) A \(U e/ ^ T )- 

Because we showed that a G if and o G i are not possible, we have that 
a G Therefore, the inclusion V y C (Jig/ -^7 is verified and we 

may write V J = \J ieI X? ' . 
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Let us prove now the equality V k = \J ieI Xf. Because V C {{J ieI Xi) , 
we have 

v'c(\Jx,)" = (\Jx i y = \Jx>. 

iei iei iei 

To prove the reverse inclusion, suppose that a G \J ieI Xf. Then, there 
exists k £ I such that a £ X*, and this implies R(a) n X^ 7^ 0. If 

#( a ) n {Uiei X i) + holds ' then a € (Uie/^ T ) A ^ V A , and the proof 
is completed. Therefore, we now assume R(a) n (Uiei-^7) = 0) that is, 

^(U*)'\(UO = * 

If R(a) ^ (|J ie/ Xj) A , then a e ff C y C y A and the proof is again 
completed. Hence, we restrict ourselves to the case R(a) C (|J ie/ Xj) A . 

However, in this case we get R(a) C S 1 , because we have R(a) Pi 
(U^gjX^J = by our hypothesis. Hence, we get a € 5 T and therefore 
5 T 7^ 0. Then, S J C yl A , because A is cofinal in 5 T . Since A C V, we 
conclude that a £ A A C y A . This implies 

iei 

Hence, (Uiei X i ■> Uiei x t) 1S a rough set, which completes the proof. □ 

The next corollary describes the meets and the joins in the complete 
lattice TZS. 

Corollary 3.3. If R is a quasiorder on a non-empty set U , then TZS is a 
completely distributive complete lattice such that 

l\ A(X, t ) = ( H X/, fl Xf) and \J A{X % ) = ( (J X/, (J Xf ) 

iei iei iei iei iei iei 

for all {A(Xi) \i£l}CRS. 

Proof. As TZS is a complete sublattice of the completely distributive lattice 
p(U) x p(U), it is always completely distributive. Because the meet and 
the join of {A(X{) \ i £ J} in 7^.5 coincide with their meet and join in the 
lattice p(U) x p(U), we obtain the required formulas. □ 

4. Complementation in the Lattice of Rough Sets 

In the previous section, we showed that for any quasiorder R, TZS is a 
completely distributive complete lattice. In this section, we describe differ- 
ent types of complementation operations in TZS. 

Let us first consider the mapping 

c: RS -> RS, A(X) i-> A{X C ) 
introduced already in Section Now, for all a, f3 € RS, we have 

c(a V 0) = c(a) A c(/3) 
c(a A f3) = c(a) V c(/3) 
c(c(a)) = a 
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This means that c is so-called de Morgan operation on the lattice 1ZS (for the 
notion, see [I], for instance). Note that aVc(a) = (U, U) and aAc(a) = (0, 0) 
do not generally hold. However, X J n X cj = (X n X c ) v = T = and 
X A U X cA = (X U X C ) A = U A = U for any ICC/. 

Let (L, <) be a lattice with a least element 0. An element x* is a pseu- 
docomplement of x € L, if x A x* = and for all a € L, x A a = implies 
a < x*. An element can have at most one pseudocomplement. A lattice is 
pseudocomplemented if each element has a pseudocomplement. 

Since any completely distributive complete lattice is both pseudocomple- 
mented and dually pseudocomplemented, we may write the following result 
by Corollary 13.31 

Proposition 4.1. If R is a quasiorder on a non-empty set U, then both 1ZS 
and its dual 7ZS op are pseudocomplemented lattices. 

In the next proposition we will determine pseudocomplement operation. 

Proposition 4.2. In the lattice 1ZS, for each X C U , we have 

A(X)* = A(X AAc ). 

Proof. A{X) AA{X AAc ) = (0,0), because A AAcA = A AATc = A AAc and 
X A n A AAc = if and only if X A C A AA , and the latter holds trivially. For 
the other part, X J n X AAcJ C X k n A AAc = 0. 

On the other hand, if A(X) A A(Y) = (0,0), then X A n Y k = and 
Y k C A Ac . This implies Y C Y AV C A AcV = A AAc , from which we get 
A(Y) < A(X AAC ). Thus, ^4(A)* = ^l(A AAc ). □ 

Notice that 1ZS is not necessarily a Stone lattice. In the final section, we 
give a condition under which 1ZS is a Stone lattice. 

We conclude this section by describing also dual pseudo complements in 
TZS. A dual pseudocomplement x + of x € L in a lattice (L, <) with a 
greatest element 1 is such that iVi + = 1 and x V y = 1 implies x + <y for 
all j/Gi. 

Proposition 4.3. In t/ie lattice TZS, for each X Q U , we have 

A{X) + = A(X jyc ). 

Proof. A{X) \/ A{X jyc ) = (U,U), because A TVcT = A TVAc = A TVc , and 
A TV C X J implies A Tc C A TVc and A T UA TVc D A T UA Tc = C7. Similarly, 
A A U A TVcA D A T U A TVc = 17. 

If ^4(A) V .A(Y) = (17, LT), then X J U Y J = U and A Tc C Y J . This 
implies A TVc = A TcA cy TA cy. From this we directly obtain „4(A TVc ) < 
A(Y). □ 

5. Completely Irreducible Elements 

In this section, we find the set of completely join-irreducible elements 
of 7^.5, and show how all elements can be represented as a join of these. 
Also completely meet-irreducible elements are characterized. For a complete 
lattice L, an element x € L is completely join-irreducible if for every subset 
S of L, x = V S implies that x £ S; see [22J. 
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Notice that for any Alexandrov topology T, the family Bj- = {Nq-(x) \ 
x G U} of the neighbourhoods of the points consists of the completely join- 
irreducible elements of the complete lattice (T, C). This means that for all 
X G B T and H C T, X = [j H implies X = Y for some Y G H. 

Let us define the set of rough sets 

J = {(0, {x} A ) | > 2} U {({x} A , {x} AA ) | x € 17}. 

We can write the following lemma. 

Lemma 5.1. The members of J are completely join-irreducible. 

Proof. If \R(x)\ > 2, then R(x) <2 {x} and {x} J = 0, which implies 
-4({ x l) = (®A X } A ') ^ Because {x} A is a member of the smallest 

base {{x} A | x G U} of the topology T A , {x} A is completely join irreducible 
in the complete lattice (T A , C). This means that {x} A = Uie/ Xf implies 
{x} A = X* for some i G I. Therefore, the rough set ^.({x}) = (0, {x} A ) is 
completely join-irreducible in 1ZS. 

It is clear that for each x G U, A({x} A ) = ({x} A , {x} AA ) G 1ZS, because 
{x} AJ = {x} A . We show that ({x} A , {x} AA ) is completely join-irreducible. 
Suppose that there exists a family {A(Xi)}i e j = {(X* , X A )}j 6 / such that 

({*} A ,{*} AA ) = \JA(X 1 ) = (J A7,JX A ). 

iei iei iei 

Since {x} A is a member of the smallest base {{x} A | x G U} of the topology 
T J , {x} A is completely join-irreducible in the lattice (T T ,C). Therefore, 
{x} A = \J ieI X* implies {x} A = Xj for some i G I. Since Xj C JSQ, this 
also gives {x} AA C X*. The converse, X A C {x} AA , holds trivially. Thus, 
{x} AA = X A and 

({x} A ,{x} AA ) = (X7,X A ). 
Hence, ({x} A , {£} AA ) is completely join-irreducible in 1ZS. □ 

Our next theorem shows that J is the set of all completely join- irreducible 
elements. 

Theorem 5.2. J is the set of completely join-irreducible elements of the 
complete lattice TZS. Any nonzero element of 1ZS is a join of some com- 
pletely join-irreducible elements of J . 

Proof. Next, we will prove that each (X W ,X A ) G RS can be expressed as 
the join of some elements in J . We begin by showing that for all X C U, 

X* ={J{{x} A \{x} A CX}. 

Because X w G T T and {{x} A | x G U} is the smallest base of the topology 
T J , we get 

= \J{{x} A \xex"} 

= [j{{x} A | R(x) C X} 
= [j{{x} A \ {x} A C X}. 
Since U{{ X } A I i x } A ^ X} C X and A distributes over unions, we have 
UiW AA l W A CX}CX A . 
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Hence, 

\J{({x}\{x}^)\{xrQX}<(X\X'). 

Obviously, 

\/{(0,{x} A ) | x £ X and \R(x)\ > 2} < (X J ,X A ) 
Next we will show that 

(X W ,X A ) = \/{(0,{x} A ) \ x £ X and \R(x)\ > 2} 

v \/{(M A .M AA )l 

Let x € X A . If |-R(x)| = 1, then clearly also x G X T . In this case, {x} A = 
{x} Q X, x £ {x} A , and x G {x} AA . 

If |-R(x)| > 2, then we consider three different cases: (i) x G X y , (ii) 
x G X\X T , and (hi) x G X A \X. 

(i) If x G X T , then x G {x} A = R(x) C X, and trivially x G {x} AA . 

(ii) If x G X, but x ^ X J , then {x} A = i?(x) % X. However, x G {x} A 
and x G X. In addition, x G X and x ^ X y imply |-R(x)| > 2 and {x} T = 0. 

(hi) If x G X k , but x ^ X, then necessarily x G {y} A for some y £ X such 
that x ^ y. We have now two possibilities, either -R(y) C X or -R(y) ^ X. If 
{y} A = R(y) G X, then necessarily x ^ {y} A - However, x G {y} A C {y} AA . 
If R(y) % X, then R(y) = {y} A contains at least two elements, because 
y £ X. This implies {y} T = 0. Thus, (0, {y} k ) £ TZS and recall that 
x G {y} k and y £ X. □ 

Clearly, the image of the set J under the mapping c: A(X) i— ► ,4(X C ) is 

M = {A{{x} c ) | > 2} U {-4({x} Ac ) | x G C/} 

= {({x} Ac , [/) | \R(x)\ > 2} U {({x} AAc , {x} Ac ) | x G [/}. 

Since the completely meet-irreducible elements of the lattice TZS are just 
the completely join-irreducible elements of its dual TZS op , and because TZS 
is order-isomorphic to 1ZS° P via the mapping A(X) i-> _4(X C ), we obtain 
the following corollary. 

Corollary 5.3. M. is the set of completely meet-irreducible elements of 
the complete lattice TZS. Any nonunit element of TZS is a meet of some 
completely meet-irreducible elements of M.. 

6. Characterization of the Stonean Case 

In the case of a quasiorder R C U xU , the smallest equivalence containing 
R is R V i? -1 , where V denotes the join in the lattice of all quasiorders on 
U ordered with the set-inclusion relation C. Furthermore, i? V R^ 1 is equal 
to the transitive closure of the relation R U J? -1 . Hence, the connected 
components of R are just the equivalence classes of R V R -1 . 

Proposition 6.1. Lei R be a quasiorder on U. Then, the following asser- 
tions are equivalent for any X C U: 

(i) A(X) is a complemented element of TZS; 

(ii) A(X) is an exact element of RS ; 

(hi) X is a union of some equivalence classes of R\/ R^ 1 . 



ROUGH SETS DETERMINED BY QUASIORDERS 



15 



Proof. (i)=>(ii): Assume that there exists a set Y C U such that AiY) is the 
complement of A(X). Then, A A nY A = and X T UY T = U. Thus, we have 

y c c y Tc c x T c x c x A c r Ac c y c , proving x T = x = x A = y c . 

(ii) ^(iii): Clearly, (ii) implies X T = X and X v = X AV = X A = X. 
Hence, for any x £ X, we have (i? U i? _1 )(a;) C X, that is, X is closed with 
respect to the relation R U Then, X must also be closed with respect 
to the transitive closure R V R^ 1 of R U that is, (i? V -R _1 )(2;) C X for 
all x £ X. This implies X = \J{(R V | x £ X}. 

(iii) =>(i): Suppose that X = \JH, where TC is a set of some equivalence 
classes of R V Because for each C £ TC, the set C is a connected 
component of R, X T = X A = X by Corollary E3 Then, X cT = X Ac = 
X c = X jc = X ck , that is, also A(X C ) is an exact element of RS. Since 
A(X) A ^l(X c ) = (XnX c ,Xn X c ) = (0, 0) = .4(0) and A(X) V A(X C ) = 
(X UX C ,XU X c ) = (U, U) = A(U), we have that A{X) is a complemented 
element of 1ZS. □ 

Remark 6.2. If the assumption of Proposition 16. 1 1 is satisfied, then from the 
arguments of the above proof it follows also that A(X) is exact if and only 
if A(X C ) is exact. 

An element a of a bounded lattice C = (L, <) is called a central element 
of C if a is complemented and for all x, y S L the sublattice generated by 
{a, x, y} is distributive. Notice that the complement of a central element 
is unique and it is also a central element of C. Clearly, the least element 
and the greatest element 1 of £ are always central elements. It is known 
that C = L\ x £ 2 for some nontrivial bounded lattices L\ and £2 if and 
only if there exists a pair of central elements c\,C2 £ L\ {0, 1} such that 
(d] = Li, (02] = L2 and c\ and C2 are complements of each other, where 
(x] denotes the principal ideal {y £ L \ y < x} of x (for details, see e.g. 
[20\ I21j). A lattice C is directly indecomposable if there are no nontrivial 
lattices C\ and £2 satisfying £ = C\ x £ 2 (see [6], for instance). Clearly, 
this is equivalent to the fact that £ has no nontrivial central elements. It is 
also obvious that the central elements of a bounded distributive lattice are 
exactly its complemented elements. 

Proposition 6.3. The following assertions are true for any quasiorder R. 

(i) For any connected component C £ (to, the lattice 7ZS(C) is directly 
indecomposable. 

(ii) The lattice 1ZS is directly indecomposable if and only if R is a connected 
quasiorder, that is, R has a single connected component. 

Proof, (i) Assume that there exists C £ <to such that the lattice 1ZS{C) 
is directly decomposable. Then, 7ZS(C) has at least one nontrivial central 
element. This means that in TZS(C) exists a complemented element A(X) 
for some X C C such that A{X) ^ (0,0) and A(X) ^ (C,C). Then, 
according to Proposition 16.11 A is a join of some equivalence classes of the 
restriction of R V R^ 1 to C. However (x, y) £ R V R^ 1 is satisfied for all 
x,y £ C, because C is an equivalence class of R V R^ 1 . This fact implies 
X = C, that is, A(X) = (C, C), a contradiction. 

(ii) If R is a connected quasiorder on U, then R V R^ 1 has just one equiv- 
alence class U. Therefore, by applying Proposition 16.11 the complemented 
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elements are just .4(0) and A(U). This means that 1ZS contains only the 
trivial central elements .4(0) and A(U) that are the least and the greatest 
elements of 7ZS, respectively. Thus, the lattice 1ZS is directly indecompos- 
able. 

The other part is an obvious consequence of (i) and the isomorphism of 
US and IlceCo KS(C) established in Theorem El □ 

Let C be a pseudocomplemented bounded distributive lattice. Ifx*Vx** = 
1 holds for all a; G L, then C is called a Stone lattice. Obviously, this 
is equivalent to the fact that x* is a complemented element of C for each 
x G L. 

Theorem 6.4. Let R be a quasiorder on U. Then, 1ZS is a Stone lattice if 
and only if R' 1 o R = R V Rr 1 . 

Proof. Assume that 1ZS is a Stone lattice. Then, for any X C U, the rough 
set A(X)* = A(X kAc ) is a complemented element of 1ZS. This implies 
by Proposition 16.11 and Remark 16.21 that A(X AAc ) and also its complement 
A(X kA ) are exact elements of RS. Let x be an arbitrary element of U and 
let us set X = {x}. Then, it is easy to see that A AA = (R^ 1 o R)(x). 
By Proposition 16.11 (R^ 1 o R)(x) is equal to the union of some equivalence 
classes of RWR' 1 . Because R^oR C RVR- 1 , this implies (R~ l o R) (x) = 
(R\/ R^ 1 )(x). As this equality is satisfied for all x G U, we obtain R^ 1 oR = 
R V Rr 1 . 

Conversely, assume that the condition of Theorem 16.41 and the equality 
R^ 1 o R = R V R^ 1 are satisfied. Then, according to Corollary 13.31 and 
Proposition 14.11 1ZS is a distributive pseudocomplemented complete lattice. 
We have to show that A(X)* is complemented for any X C U. 

Assume that X C U. Let x G A AA and y G (RV i? _1 )(x). Then, by 
the definition of X AA , there exist z G i? _1 (x) n X k and v G R(z) n X. 
These mean x i? -1 z and z Rv, from which we obtain (x, t> ) G R^ 1 o with 
w G A. Therefore, (v,x) G i? V i? , and so (x, y) G i? V implies 
(f,y) £ RV R' 1 . This means that y G (R V -R _1 )(w) = (ZT 1 o = 
{u} AA C X AA . This result proves that (RVR- 1 )^) C X AA for all x G A AA . 
From this we get that A AA is the union of some classes of R V So, 
by Proposition 16.11 .4(X AA ) is a complemented and exact element of 7^5. 
Then, by Remark l6.2l also A(X)* = ^l(A AAc ) is an exact and complemented 
element of 7^.5. Therefore, 1ZS is a Stone lattice. □ 

A partially ordered set (P, <) is called down- directed, if for any a, b G P 
there exists c G P with c < a,b. In what follows, we deduce some corol- 
laries of the above theorem in cases R is a partial order or an equivalence, 
respectively. Notice that case (i) of the next corollary shows that the result 
of M. Gehrke and E. Walker stating that for equivalences, 1ZS is isomorphic 
two and three elements also follows in an alternative way from our Theo- 
rem [631 We note that the details on the direct decomposition of complete 
Stone lattices can be found in [20] . 



ROUGH SETS DETERMINED BY QUASIORDERS 



17 



Corollary 6.5. Let R be a binary relation on U . 

(i) If R is an equivalence, then TZS is a completely distributive Stone lattice 
which is isomorphic to a direct product of chains of two and three 
elements [10, Theorem 2]. 

(ii) If R is a partial order, then 7ZS is a Stone lattice if and only if any 
connected component of (U, R) is down- directed. 

Proof, (i) The fact that TZS is a completely distributive lattice follows from 
Corollarv l3.31 Additionally, R~ l oR = R\j R^ 1 because R is an equivalence. 
Hence, Theorem 16.41 implies that TZS is a Stone lattice. In view of Theo- 
rem 12.41 we have that TZS and IlcgCo TZS(C) are isomorphic, where Co is 
now the set of the equivalence classes of R. If C E Co consists of a single 
element a, then RS(C) = {(0, 0), ({a}, {a})} and TZS(C) is a chain of two 
elements. Similarly, if \C\ > 2, then RS(C) = {(0, 0), (0, C), (C, C)} and 
TZS{C) is a chain of three elements. Therefore, TZS is of the form 2 1 x 3^, 
where IU J = Co and In J = 0. As earlier, I stands for singleton equivalence 
classes and J denotes non-singleton ii-classes. 

(ii) As the connected components in Co are the equivalence classes of 
R V R , it is easy to check that R~ l o R = R V R^ 1 if and only if for 
any C E Co and a, b E C, there exists c E C with cRa and cRb. This 
means that all connected components C are down-directed with respect to 
the partial order R restricted to C. □ 
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